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In 1992, Pyragas [6] introduces a simple concept of feedback
control to stabilize the behaviour of solutions of dynamic sys-
tems of the form y′(t) = F (y) that exhibit chaotic patterns. He
shows that the perturbed system

y′(t) = F (y) + κ(y(t− s)− y(t))

can be stabilized for some weight κ and some delay s chosen
heuristically.

It is also of interest in applications –e.g., Lasers [7], chemical
reactions [3] or Parkinson’s desease [5]– the delay control of
reaction-diffusion systems. A general way to do this is to look
for a control u ∈M[0, T ] such that the solution of the equation

∂ty −∆y +R(y) =

∫ T

0

y(x, t− s)du(s) in Ω× (0, T )

∂ny = 0 on ∂Ω× (0, T )

y(x, t) = y0(x, t) for a.e. x ∈ Ω if t ≤ 0

minimizes J(u)=0.5‖yu(x, t)−yd(x, t))‖2L2(Q)+α‖u‖M[0,T ]

for some target state yd and some parameter α > 0, being
Q = Ω× (0, T ). This formulation, which is studied in [1], has
the advantage of being very general. Both classical Pyragas de-
lay controls, taking u = κ(δs−δ0), and nonlocal Pyragas delay
controls of the form κ(

∫ T
0

∫
Ω
g(x, s)y(x, t − s)ds − y(x, t)),

studied in [4], are included in this formulation.

Numerical experiments show that the solution of such a mea-
sure control approach is usually a combination of several Pyra-
gas controls. One of the disadvantages of the previous method
is that, in principle, the number of delays cannot be imposed
beforehand. In practice, the number of delays can be limited.
From the numerical point of view, the appearance of the non-
differentiable ‖u‖M[0,T ] term leads to some difficulties. Also,
the discretization of the measure makes that the delays found
numerically must be located at the time mesh nodes.

A more practical, though less general approach is to fix m ∈ N
and look for delays and weights (si, κi)

m
i=1 such that the solu-

tion of the equation

∂ty −∆y +R(y) =

m∑
i=1

κi(y(x, t− si)− y(x, t)) in Q

∂ny = 0 on ∂Ω× (0, T )

y(x, t) = y0(x, t) for a.e. x ∈ Ω if t ≤ 0

minimizes J(s, κ) = 0.5‖ys,κ − yd‖2L2(Q). Despite looking
like a particular case of the previous problem, the control, that
before appeared as a bilinear control, now appears in a highly
nonlinear way. Differentiability properties cannot be deduced
from the general case.

For this problem, we can prove, see [2], continuity of the
control-to-state mapping and also compute its partial deriva-
tives. Using these and an appropriate adjoint state equation, we
can compute the partial derivatives of the objective functional.
Moreover, we show that with an adequate discretization, us-
ing a standard Galerkin method in space and a Petrov-Galerkin
scheme in time –continuous elements for the state and discon-
tinuous for the adjoint state–, the approaches optimize-then-
discretize and discretize-then-optimize coincide. In this way,
we compute the partial derivatives of the discrete functional in
an effective way.

Finally, some numerical examples illustrate the theoretical re-
sults and the applications of this technique.
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