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Considering that the stiffness of the health or illness tissues
is different, it could help us to detect the presence of disease.
One important motivation for the medical imaging techniques
comes from cancer detection: roughly speaking, a tumor tis-
sue is 5 to 28 times stiffer than normal soft tissue and, conse-
quently, the resulting deformation after a mechanical action is
smaller.

The medical imaging techniques are a non-invasive techniques
and can be used to investigate diseases in internal organs as
well as, for instance, in the detection and diagnosis of liver,
thyroid and prostate cancers. In particular, elastography is a
medical imaging technique which gives information about the
elastic properties of the tissue

From the mathematical point of view, the relevant questions
can be formulated in terms of an inverse problem governed by
a system of PDEs (see [1],[2],[3]). In our work, we fix an open,
bounded and smooth domain Ω ⊂ RN , with N = 2 or N = 3
and a positive time T . We assume that f is an external source
acting on the body, (u0, u1) is the initial displacement-velocity
pair of the particles, B is the dispalcement field the boundary
and the system es governed by the Lamè system:

utt−∇ ·
(
µ(x)(∇u+∇uT )+λ(x)(∇ · u)Id.

)
=f,

(x, t) ∈ Ω× (0, T )
u = 0, (x, t) ∈ Σ
u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω.

(1)

The inverse problem consists of finding the coefficients λ =
λ(x) and µ = µ(x), such that the solution to (1) satisfies the
additional condition

(µ(x)(∇u+∇uT )+λ(x)(∇ · u)Id.)·ν=Υ on S×(0, T ).(2)

where ν = ν(x) is the outwards directed unit normal vector at
points x ∈ ∂Ω, S ⊂ ∂Ω and Υ is prescribed.

The analysis and search of a solution to an inverse problem is
usually hard and, sometimes, impossible. In this work, we pro-

pose a reconstruction method relying on the analysis of a direct
problem related to (1) and (2).

Thus, let us introduce the cost function

I(λ, µ)=
1

2

∫ T

0

‖
(
µ∇u+∇uT )+λ(∇ · u)Id.

)
· ν−Υ‖2 dt,

where ‖ · ‖ is the norm in H−1/2(S)N and let us consider the
following direct problem{

Minimize I(λ, µ)
Subject to (1).

(3)

It is clear that I(λ?, µ?) = 0 if and only if (λ?, µ?) solves the
inverse problem (1)–(2).

In this work, we prove that optimization problem (3) admits op-
timal solutions under the assumptions of uniform bound for the
total variation of the admissible pairs (λ, µ). Finally we show
some numerical experiments where the minimization problem
(3) is solved for different data and recovring the numerical ev-
idence that cost function I vanishes at the minimizer.
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