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Reduced Basis Model

We define the steady Boussinesq VMS-Smagorinsky model as follows:
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where nT (⇧
⇤
hu) = (CShK)

2|—(⇧⇤
hu)|cK , and ⇧⇤

h = Id �⇧h, with ⇧h an interpolation operator.
In order to have parameter-independent matrices in the online phase, we define a transformation map T : ⌦r ⇥D ! Rd such that
⌦o = T (⌦r ;µg). The map considered in this case is:

T ((x ,y);µg) =

✓
1 0
0 µg

◆✓
x
y

◆
, 8(x ,y) 2 ⌦r .

We transform Problem (1) into an equivalent one, taking into account the change of variable formula. For example, the di↵usion
term is transformed in the following way

Pr(—u,—v)⌦o = Prµg

⇥
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⇤
+
Pr

µg

⇥
(∂yu1,∂yv1)⌦r +(∂yu2,∂yv2)⌦r

⇤
.

The reduced basis spaces are given by

YN = span{z

v

2k�1 := u(µk
g ), z

v

2k := T
µg
p x

p
k , k = 1, . . . ,N},

MN = span{x

p
k := pu(µk

g ), k = 1, . . . ,N}, ⇥N = span{j

q

k := q (µk
g ), k = 1, . . . ,N}.

Transformation map

(0,0) (1,0)

(0,1) (1,1)

⌦r

T (x;µg)T�1(x;µg)

⌦o(µg)

(0,0) (1,0)

(0,µg) (1,µg)

Numerical Results: µg 2 [0.5,2]

We solve the RB Boussinesq VMS-Smagorinsky model in a cavity, for µg 2 [0.5,2]. We consider a regular mesh with h = 0.02
p
2. The EIM selects M = 72 basis functions for the

approximation of the eddy viscosity, and the Greedy algorithm selects N = 32 basis functions.

⌅ Snapshots for di↵erent
values of µg :
µg = 0.5, µg = 1,
µg = 1.5, µg = 2.

Data µg = 0.64 µg = 1.08 µg = 1.44 µg = 1.87
TFE 808.91s 810.16s 866.1s 851.82s
Tonline 2.68s 2.55s 2.61s 2.52s
speedup 301 317 331 337
kuh�uNk1 1.13 ·10�6 1.86 ·10�6 2.82 ·10�6 3.4 ·10�6

kqh�qNk1 6.28 ·10�8 8.83 ·10�9 9.37 ·10�9 9.48 ·10�9

kph�pNk1 1.69 ·10�5 3.7 ·10�5 8.35 ·10�5 8.82 ·10�5

Table: Computational time for FE and RB solutions, with the speedup and the error.

⌅ (Left) Maximum of
the a posteriori error
bound estimator in the
Greedy algorithm.

⌅ (Right) A posteriori
error bound estimator
value at
N = Nmax = 32.
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