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Introduction

Elastography in Medicine: is a field whose main goal is to reconstruct the internal
distribution of a body from the measurements on the contour of the responses to
induced elastic waves

Important application:Non-invasive
technique for detection and char-
acterization of tumors (tumor stiff-
ness ~ 5—28 times bigger than for
healthy cells) and the differentiation
of benign and malignant tumors ([3])

Figure: Left : Tradictional black and white image -
Right: MRE scan

Mathematically, the elastography problem can be written as an inverse problem.
For a Lamé system: Find A and & such that the solution of

(1P) uyy — div(uVu + X(V - u)ld) =0 in (0, T) X €,
+boundary + initial conditions

satisfies the additional condition

(uVu+X(V-u)ld)-v=TonS x (0, T)(S C 9RQ)

Our Problem

We analyze a problem governed by the linear elasticity system in Q C RV, with
N = 2, 3.

We know T on S X (0, T) (S C 99Q)
The inverse problem: Find A = A(x) such that the solution of
up — div(A(x)e(u)) = f(x, t) in Qx (0, T7),
u(x,t) =0 on 02 x (0, T),
u(x,0) = up(x), u(x,0) = u1(x) in €Q,
with e(u) = %(Vu + Vu') and satisfing the additional condition
Ae(u)-v =T on S x (0, T).
The direct problem: Find u from the data A, f ug y u; and, later, compute T.
(DP) A, f, ug and u; — T.

(1P)

Standard theory.
The inverse problem: Find A from f, ug, u; and T.

(IP) f, ug, U1 and T — A.

Much more complicated (ill-posed)
Interesting questions: Uniqueness, stability, reconstruction, ...

Reformulation: A direct problem

We reformulate the problem as an optimal design problem:

1 T
1(A4) =3 | 1Ae(w) - v]g =TIt

(ODP) mjn I(A)

uyy — div(A(x)e(u)) = f(x,t) in Q x (0, T),
u(x,t) =0 on 02 x (0, T),
u(x,0) = ug, u(x,0) = v1(x) in €Q,

A sol. of (ODP) and I1(A) = 0 & A sol. (IP)

Framework

> o, € Rand 0 < a < 3,
> A= {Aju}ti<iim<n € M(c, 3,82) N BV(£2), with

“UUA) = AT, AGIA-A > alA,
M(a, 8,92) = { a.e. in Q for all symmetric A € RV*N

subject to

[A(X)A| < BIA

of
> wp =0, tn € Hy(Q)Y, f,—— € LR x (0, T))",
» T c L*S x (0, T))N.

Lemma

Theorem: A priori information: A uniformly bounded in BV, [1]

Let us set
K(R) ={A € M(a,3,R2) NBY(Q): TV(A) < R}

and let us assume that the data of the problem satisfy (at least) the hypotheses
described before. Then, for any R > 0, the extremal problem
Minimize I(A)
AEK(R)
uy — div(A(x)e(u)) = f(x,t) in Q2 x (0, T),
u(x,t) =0 on 092 x (0, T),
u(x,0) =0, u(x,0) = u1(x) in €,

possesses at least one solution A,

subject to

Assume that A € K(R). There exists § € (0, 1), only depending on &, 3 and R,
such that, for any h € L?(Q)", the elliptic system

—div(Ae(w)) = h, x € Q

w = 0, x € 02
possesses exactly one solution wy, € Xj := [D(A), H}(R)"]5,00, Where
D(A) = H3(R)N N H?(R)"N is the domain of the Dirichlet Laplacian.
Furthermore, the mapping h — wy, is linear and continuous, i.e.

Iwhl|x, < C(N,Q, e, 8,R) ||h]l2 Vh € L2(Q)".

Numerical experiments: 2-d Lamé system

» We consider 2 = By(0,1) C R? S =092 n {x > 0}.

» We use Augmented Lagrangian algorithm, completed with the L-BFGS
subalgorithm.

» We use FreeFem++ v 3.44 ([2]) completed with the library NLopt.

» We fix A(x) = 1 and minimize on a < p(x) < 3.

Simulations: one isolated tumor
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Figure: Left: Target tumor. Middle: Computed Tumor. Right: Decimal log of the cost vs. number of iterates

Simulations: two isolated tumors
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Figure: Left: Target tumor. Middle: Computed Tumor. Right: Decimal log of the cost vs. number of iterates
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