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Chemotaxis model Main Theoretical results

Chemotaxis is understood as the biological process of the movement of living » Well-posedness of these numerical schemes.
organisms in response to a chemical stimulus which can be given towards a higher » Unconditional energy-stability (for modified energies) and mass-conservation of the
(attractive) or lower (repulsive) concentration of a chemical substance. Specifically, we schemes. In fact, the following discrete energy laws hold:
focus on the following chemorepulsion model: 1
B — Au=V - (uVv) in Q, t >0, Se((Fe(ul), 1) + IV VIIG) + el Vullig + 12nv]II5 + IV V2IIE < 0, (UV)
O;v—Av+v=uin Q, t >0, 1
ou _ v _ 0 on BQ, t >0, (1) e ((Fe(uf), 1)" + Jllo2l13) + €l V" (FAul)) I3 + lloZlIF < 0, (US)

on n
u(x,0) = wo(x) > 0, v(x,0) = wvp(x) > 0 in £, 1
n2 - n2 n2 n2
where Q@ C R? (d = 2,3), and u > 0 denotes the cell density and v > 0 the 5t(|lw~€ lo + 2||0'€Ho> +¢||Vzllg + llocll1 < 0, (UZSW).

chemical concentration. » Uniform in time energy estimates.

_ > Approximated positivity of u” and v for schemes UV and US, when € — 0.
Some properties
Problem (1) is well-posed ([1]), and is conservative in u, that is, Main Numerical results

» There are initial conditions for which N e
t) = Vit : f
/QU( ) /Quo’ >0 UZSW is not energy stable with re- F = |
Moreover, formally testing (1)1 by In u and (1)2 by —Av, we obtain spect to the energy *
d 1 1 |
a/ (u(ln u—1)+ §|Vv|2) dx +/ (4\V\/ﬂ\2 + |Av|? + \Vv|2) dx = 0. Ee(u,v) := /QU+(I” ui—1) dx+§HVv||(2),
Q Q

_ Figure: Eq(u”, v') of UZSW.
The scheme US has convergence problems with the linear iterative method, which
are overcome considering thinner meshes.

Truncated functions and operators

UV and US have decreasing energy Eo(u, v). In fact, it holds

F.: Truncation of s(/Ins — 1) + 1.
F!: Truncation of In s. RE.(u", v") := 8,Eu(u", Vn)_|_4/ IV /[u"], |2 dX+||AhVnH(2)+HVVn||(2) < 0.
Q
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Fe": Truncation of s~ 1.

Ac: Truncation of s.
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A.: Constant by elements matrix (key
for the energy-stability of scheme UV).

7" Lagrange interpolator.

>

(-, )™ Mass lumping.

Figure: The function F. and its derivatives.

Figure: Energy Eo(u", v") and RE (u", v") of UV and US.

Main assumptions on the space discretization

The scheme BEUV (the classical back-

ward Euler for model (1)) has decreasing
in time energy E.(u, v). However, for

some cases, the discrete energy inequal-
. P . e
ity REo(u",v") < 0 is not satisfied. Figure: RE.(u", v™) of BEUV.

Scheme UV > For UV and US, [u”]- — 0 when € — 0, while for UZSW this behavior is not

observed. Finally, for BEUV negative values (greater than the obtained in UV and
» Ve e? Ve US) for the minimum of u"” in some times t, > 0 are observed.

(8:u”, G)" + (Vu?, Vi) + (N(u™) V', Vi) =0, Vi € Up,
(5tv€”, v) + (Ahve”, V) — (ug, v) =0, Vv € V,. |

Scheme US
: . 1 _n-1
Time step n: Given (UQ y O, ) € Up X X, compute (UQ, U’;) c Up X Xpsit. Figure: Minimum values of u”” computed with UV, US and UZSW respectively.

(5t“gv ﬁ)h+(>\e(U§)Vﬂh(Fé(U£))a Vi) = —()\g(ug)a";, Vi), Vi € U, » In all schemes, for the variable v.' is observed that if vg > 0 then v > 0 for all n.
(6:0",7) + (Bho", &) = (Ae(u")Vr"(F(u")),5), V& € X

Here, the audlary variable o try to approximate Vv

[1] T. Cieslak, P. Lauren, C. Morales-Rodrigo. (2008) Global existence and
convergence to steady states in a chemorepulsion system.

» For the scheme UV are required right angled simplices.

» For the schemes UV and US, Uy, is approximated by P1-continuous FE.

» For all schemes, Vj, 24, Zn, W), are approximated by IPx-continuous FE, kK > 1.

Time step n: Given (u” !, v"~1) € Uj, X Vj, compute (u”, v") € Up X Vj sit.
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Scheme UZSW

Time step n: Given (ul™, 027!, w/'™!) € U X Tp X Wh, compute 2] F. Guillén-Gonzalez, M.A. Rodriguez-Bellido, D.A. Rueda-Gémez. Unconditionally
(ul,zl,0,w]) € Up X Zp X Tp X W sit. energy stable fully discrete schemes for a chemo-repulsion model. (Preprint).
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